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1 Transformations of 
the plane 


Exercise 1 


For each of the following transformations, 
describe its domain and codomain, and find 
the image of the point (1, 1). 


(a) f(x,y) = = 1,y +3) 
(b) g(x,y) = (#7, -y?) 
(c) h(x, y) = (e”,ln x) 


Exercise 2 


Describe the geometric effect that each of the 
following transformations has on the plane. 


Exercise 3 
Sketch the effect that each of the following 
transformations has on the unit square. 


(a) f(x,y) = (x + 2, 2y) 


(b) g(x,y) = (x, -y) 
(c) A(z,y) = (3z,y — 1) 
(d) j(z,y) = (=a, 2y) 


Exercise 4 


(a) Write each of the following 
transformations in function notation. 


(i) The transformation that reflects the 
plane in the y-axis and translates it 
2 units up. 


(ii) The transformation that ‘stretches’ 
the plane by the factor 2 parallel to 
the z-axis and translates it 2 units 
down. 


(iii) The transformation that reflects the 
plane in the x-axis and then reflects 
it in the y-axis. 

(b) Describe the transformation in 

part (a)(iii) more simply, in terms of a 

single geometric effect. 


2 lIsometries 


Exercise 5 


For each of the following rotations, draw a 
diagram to show the effect of the rotation on 
the triangle whose vertices are the points 
(1,0), (0,3) and (1,3), and write down the 
images of these points under the rotation. 


(a) The rotation through 7/2 radians about 
the origin. 


(b) The rotation through 7 radians about the 
origin. 


Exercise 6 


Write down the associated vector of each of 
the following translations. 


(a) The translation f that maps points 
3 units to the left and 2 units down. 


(b) g(x,y) = (x — 9,y + 3) 
(c) h(z,y) = (z,y +7) 
(d) j(£,y) = (£ — V2, T +y) 


3 Composite and 
inverse 
transformations 


Exercise 7 

Let f and g be the rotations about the origin 

through 37/2 and 7/2, respectively, so 
f(x,y) = (y, =x) and g(x,y) = (—y, x). 

(a) Find the composite go f. 

(b) Draw a two-stage diagram to show the 
effect of go f on the triangle with vertices 
at (0,0), (1,0) and (0,2). 

(c) Describe go f geometrically. 

(d) What can you conclude about f and g? 


(e) Is f og equal to go f? 


Exercise 8 
Find f o g for each of the following pairs of 
translations. 
(a) f(z,y) = (x -— 1,y +2), 
g(x,y) = (z +3,y — 3) 


(b) f(x,y) = (£ + 1,y — 3), 
g(x,y) = (x +3,y +3) 

(c) f(x,y) = (x a 1,y), 
g(x,y) a (x,y — 2) 


Exercise 9 
Let f be the reflection in the line y = —z, and 
let g be the reflection in the y-axis, so 

f(x,y) a (—y, =a) and g(x,y) = (—x,y). 
(a) Find the composite f og. 


(b) Draw a two-stage diagram to show the 
effect of f o g on the triangle with vertices 
(0,0), (1,0) and (0,2). 


(c) Describe f o g geometrically. 


3 Composite and inverse transformations 


Exercise 10 
Let f be the rotation through 7 about the 
origin, and let g be the reflection in the line 
Y = —2Z, so 
f(x,y) = (=z, —y) and g(x,y) = (—y, =x). 
(a) Find the composite f og. 
(b) Describe f o g geometrically. 


Exercise 11 


Find the algebraic specification for the 
glide-reflection formed from the reflection in 
the line y = —2x followed by the translation 
5 units to the right and 5 units down. 


Exercise 12 


Find the algebraic specifications for the 
following glide-reflections, each of which is 
formed by composing a reflection with a 
translation that is in a direction not parallel 
to the line of reflection. 


(a) The glide-reflection formed from the 
reflection in the y-axis followed by the 
translation 3 units to the left and 2 units 
down. 


(b) The glide-reflection formed from the 
reflection in the line y = —2 followed by 
the translation 1 unit to the left and 
2 units up. 


(c) The glide-reflection formed from the 
reflection in the x-axis followed by the 
translation 1 unit to the right and 2 units 


down. 
Exercise 13 
Find the inverse of each of the following 
transformations. 
(a) f(z,y) = (£ +1,y-— 3) 
(b) g(x,y) = (1 — x, 2y) 
(c) h(x, y) = (4x, —3y) 
(d) j(z,y) = (=x, 3x + y) 
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4 Linear 
transformations 

Exercise 14 

Find the matrix of each of the following linear 

transformations. 

(a) f(x,y) = (x + 4y, —3y) 

(b) g(x,y) = (2y — x, 22) 

(c) h(z,y) =(@-y,y— 2) 

(d) j(z,y) = (-y, -2) 


Exercise 15 


Which of the following transformations are 
linear transformations? For each 
transformation that is linear, find its matrix. 
For each one that is not linear, explain how 
you know. 


(a) The reflection in the line y = z. 
(b) The reflection in the line y = 1. 
(c) The transformation f(x,y) = (x?,y?). 
(d) The rotation through 7/2 about the 
origin. 
(e) The transformation 
glz, y) = (f(a +y) -3(y - 2). 


(a) f(x,y) = (x — 2y, 2x + 3y) 
g(x,y) = (y — 3x, 6x — 2y) 
(c) A(z,y) = (=x +y, x -— y) 


Exercise 16 


Let f be the linear transformation 


represented by the matrix (3 re) 


Find the image of each of the following points 
under f. 


(a) (1,0) 
(c) (—2,1) 


(b) (1,1) 
(da) (2,-1) 


Exercise 17 


For each of the following linear 
transformations, use its matrix to determine 
whether it is one-to-one. 


Exercise 18 


This exercise requires knowledge of the 
optional material at the end of Subsection 4.1 
of Unit 6. There will be no problem that 
requires knowledge of this optional material in 
your exam or TMA. 


Consider the following pair of parallel lines: 
y=2e+4 and y=2xr-1. 


(a) Rewrite the equation of each line in the 
form ra + sy = t, where r, s and t are 
numbers. 


(b) Find the image of each line under the 
linear transformation represented by the 
matrix 


ane), 


(c) Write the equation of the image of each 
line in the form y = mg + c, where m 
and c are numbers. Check that the two 
image lines are parallel, as you would 
expect since one-to-one linear 
transformations preserve parallelism. 


Exercise 19 


For each of the following matrices, find the 
factor by which the corresponding linear 
transformation scales areas. If the factor is 
non-zero, also state whether the linear 
transformation preserves orientation. 


o 
TER 
o (13) 


a ( cos 2a Eo 


—sin2a@ — cos 2a 


where a is a real constant. 
(c) cos@ sind 
—sin@ cos)’ 


where @ is a real constant. 


Exercise 20 

Let f be the linear transformation that maps 
(1,0) to (—2,1) and (0,1) to (3,1). Write 
down the matrix that represents f, and 
calculate its determinant. Hence calculate the 


area of the triangle with vertices at (0,0), 
(—2,1) and (3,1). 


Exercise 21 


(a) Find the matrix that represents the 
reflection in the line through the origin 
with angle of inclination 7/3. 


(b) Find the matrix that represents the 
reflection in the line y = —V3 z. 


Exercise 22 


Let f be the linear transformation 
represented by the matrix 


1 -2 
ve (; k J l 
(a) Show that f is a flattening. 


(b) Find the image set of f. 


(c) By finding the image of the general point 
(x,y) under f, or otherwise, find two 
points that have the same image under f. 


Exercise 23 


Identify the type of linear transformation 
represented by each of the following matrices. 


TPE CME Na) 


oal o] 


—1/vV2 1/V2 
o (Iya v 


5 Composite and inverse linear transformations 


5 Composite and 
inverse linear 
transformations 


Exercise 24 


Let f be the rotation through 7/2 about the 
origin, and let g be the reflection in the y-axis. 


(a) Find the matrix representing f and the 
matrix representing g. 


(b) Find the matrix representing g o f. 
(c) Find the matrix representing f o g. 


(d) Which of the two composite 
transformations go f and fog maps the 
unit square (the square with vertices 
(0,0), (0,1), (1,0) and (1,1)) to itself? 
Describe this composite transformation as 
a single reflection. 


(e) Describe the other composite 
transformation as a single transformation. 


Exercise 25 


(a) Using matrix multiplication, show that if 
the matrix A represents a reflection in a 
line through the origin, then A? = I, 
where I is the identity matrix. (This is as 
you would expect, since a reflection is 
self-inverse. ) 


(b) Use matrix multiplication to find the 
composite transformation formed by the 
horizontal shear with shear factor kı 
followed by the horizontal shear with 
shear factor kə. 


(c) Use your working for part (b) to deduce 
the inverse of the horizontal shear with 
shear factor k. 
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Exercise 26 


Let f be the linear transformation 
represented by the matrix 


4 -1 
—1 17° 
(a) Show that f is invertible, and find the 


matrix that represents f~!. 


(b) Find the equation of the image f(C) of 


the unit circle C, simplifying your answer. 


(c) Calculate the area enclosed by f(C). 


Exercise 27 


Let f be the linear transformation 
represented by the matrix 


[13 -u73 
TUE va} 


Let H be the hyperbola with equation 


x? — y? = 2, which is shown below. 


(a) Show that f is invertible, and find the 
matrix that represents f—'. 


(b) Find the equation of the image f(H) of 


the hyperbola H, simplifying your answer. 


(c) Name the function whose graph is f(H), 
and describe the transformation f 
geometrically. 


(d) Let b and c be the linear transformations 
represented by the matrices 


1 0 -1 0 
(0-1) wt (oa): 


respectively. 


Find the equation of the image b(H) of 
the hyperbola H under b, and the 
equation of the image c(H) of the 
hyperbola H under c. (Hint: identify the 
linear transformations b and c, and think 
about the symmetry of the hyperbola.) 


Exercise 28 


(a) Write down the matrix of a rotation that 
maps the line y = —z to the z-axis, and 
find the inverse of this matrix. 


(b) Hence find the matrix of the shear with 
shear factor —3 about the line y = —z. 


Exercise 29 


In Subsection 4.3 of Unit 6, the matrix of a 
general rotation about the origin, and the 
matrix of a general reflection in a line through 
the origin, are obtained using a geometric 
argument. 


In this exercise, you can use the first of these 
matrices as an alternative means of finding 
the second of these matrices. You are asked 
do this by using conjugation, and the matrix 
of the reflection in the x-axis. 


Let £ be the line through the origin with angle 
of inclination a. 


Let h be the rotation through —a@ about the 
origin, so that h maps the line £ to the z-axis, 
and let g be the reflection in the x-axis. Then 
the reflection in the line £ is the linear 
transformation h~!ogoh. 


(a) Determine the matrix of h, and find its 
inverse. 


(b) Write down the matrix of g. 


(c) Hence find the matrix of ht ogoh. 
Verify that it is indeed the matrix of the 
reflection in the line through the origin 
with angle of inclination a that you met 
in Subsection 4.3 of Unit 6. 


(Hint: you may find the following 
identities useful: 


cos 20 = cos? 6 — sin? 0, 
sin 20 = 2sin 0 cos 0.) 


6 Affine 
transformations 


Exercise 30 

(a) Find the affine transformation that maps 
the points (0,0), (1,0) and (0,1) to the 
points (—1, 2), (3,2) and (2,1). 

(b) Hence find the area of the triangle with 
vertices (—1,2), (3,2) and (2,1). 


(c) Does the affine transformation in part (a) 
change orientation? 


Exercise 31 


For each of the following affine 
transformations, determine whether it is 
invertible, and find its inverse if it is. 


@ #00 =(3 5) x+ (4) 


Exercise 32 


Let 
ae) 
w(i Jee) 


a) Find the composite f og. 


and 


( 

(b) Describe f o g as a single rotation. 

(c) Find the composite go f. 

(d) Describe go f as a rotation followed by a 
translation. Is go f the same as f o g? 


6 Affine transformations 


Exercise 33 


Find, in the form f(x) = Ax +a, the affine 
transformation that describes the 
anticlockwise rotation through —7/6 about 
the point (—2, 3). 


Exercise 34 


Find all the fixed points, if there are any, of 
each of the following affine transformations. 


@ #00 =(_9 )x+(73) 


Exercise 35 


Listed below are three transformations, and 
descriptions of three sets of fixed points. By 
first describing each transformation 
geometrically, match it with its set of fixed 
points without solving any matrix equations. 


(@) #00 =(9 4) 
(>) 90)= (5 9) 


—1 
(© noo) =x+ (71) 
Fixed points for matching: 


(A) The fixed points are all the points in the 


plane. 
(B) The fixed points are all the points on the 
line y = a. 


(C) There are no fixed points. 
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Solutions to exercises 


Solution to Exercise 1 


(a) The rule is applicable for all points in the 
plane, so the domain is R?. By 
convention, the codomain is R?. 


f(1,1) = (1 — 1,1 + 3) = (0,4). 


(b) The rule is applicable for all points in the 
plane, so the domain is R?. As in 
part (a), the codomain is R?. (The image 
set, however, is the fourth quadrant, 
together with the parts of the coordinate 
axes that lie along the boundary of this 
quadrant.) 


g(1,1) = (17, -17) = (1, -1). 


(c) Since Inz is defined only for x > 0, the 
domain is the part of the plane to the 
right of the y-axis. As in part (a), the 
codomain is R?. (The image set, however, 
is the part of the plane to the right of the 
y-axis. ) 


h(1,1) = (e',In1) = (e, 0). 


Solution to Exercise 2 


(a) f translates the points of the plane 
2 units to the left and 5 units up. 


(b) g ‘stretches’ the plane in the x-direction 
to make the points twice as far from the 
y-axis as they were before, and translates 
the points down by 3 units. 


(c) h reflects the points in the y-axis, and 
‘stretches’ the plane in the y-direction to 
make the points twice as far from the 
x-axis as they were before. 


(d) j interchanges the zx- and y-coordinates of 
the points, so it reflects them in the line 
=f, 


Solution to Exercise 3 


(a) f translates the plane 2 units to the 
right, and ‘stretches’ it by the factor 2 in 
the y-direction. The unit square is 
mapped to the rectangle with vertices 
f(0,0) = (2,0), f(1,0) = (3,0), 

f(0,1) = (2,2) and f(1,1) = (3,2). 


YA i YA 
== (2, 2) (3,2) 
(0, 1) (1) 
(0,0) | (1,0) : (2,0) (3,0) : 


(b) g leaves the z-coordinates unchanged and 
changes the signs of the y-coordinates, so 
it reflects the unit square in the z-axis. 
The unit square is mapped to the square 
with vertices g(0,0) = (0,0), 

g(1, 0) = (1,0), g(0, 1) = (0, =1) and 
g(1, 1) = (1, =). 


~ 
= 
© 
se 
~ 
E 
(an) 
SS 
8 
Sv 


(c) h translates the plane 1 unit down, and 
‘stretches’ it by the factor 3 in the 
x-direction. The unit square is mapped 
to the rectangle with vertices 
h(0, 0) = (0, =l); h(1,0) = (3, =1); 

A(O, 1) = (0,0) and A(1,1) = (3,0). 


(d) j reflects the unit square in the y-axis, 


and ‘stretches’ it by the factor 2 in the 
y-direction. The unit square is mapped 
to the rectangle with vertices 

j(0, 0) = (0,0), j(1, 0) = (—1,0), 

j (0, 1) = (0, 2) and j(1, 1) = (—1, 2). 


y J 
== (-1,2) (0, 2) 

(0, 1) (pa) 
(0, 0) (1,0) z (—1,0) (0,0) 


Solution to Exercise 4 


(a) (i) 


aS” 


Reflecting in the y-axis maps the 
point (x,y) to (—z,y). Then 
translating 2 units up maps this 


point to (—2,y + 2). So the required 


transformation is 


f(x,y) = (—2,y + 2). 


‘Stretching’ with scale factor 2 


(ii) 


parallel to the z-axis maps the point 


(x,y) to (2x,y). Then translating 
2 units down maps this point to 
(2x, y — 2). So the required 
transformation is 


g(x,y) = (2x, y _ 2). 
Reflecting in the z-axis maps the 
point (x,y) to (x,—y). Then 
reflecting in the y-axis maps this 
point to (—2,—y). So the required 
transformation is 


A(x, y) = (—z, —y). 


(iii) 


The transformation in part (a)(iii) maps 


each point to the point ‘diametrically 


opposite’ on the line that passes through 


the origin and the original point. The 
same effect is achieved by rotating 
through 7 radians about the origin. 


Sv 


Solutions to exercises 


Solution to Exercise 5 


YA YA 


(0, 3) 


(0,1) 


(a) The points (1,0), (0,3) and (1,3) are 
mapped to the points (0,1), (—3,0) and 
(—3, 1), respectively. 


(1,3) 


(0,3) 


(=1,0) 


(—1,-3) OS) 


(b) The points (1,0), (0,3) and (1,3) are 
mapped to the points (—1,0), (0, —3) and 
(—1,—3), respectively. 

Solution to Exercise 6 


(a) The translation is f(x,y) = (x — 3,y — 2). 
Its associated vector is —3i — 2j. 


(b) The associated vector is —9i + 3). 
(c) The associated vector is 0i + 7j = 7j. 
(d) The associated vector is —/2i+ nj. 


Ex 


10 
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Solution to Exercise 7 
(a) The composite g o f is given by 
(go f)(z,y) = g( f(z, y)) 


= g(y,—-2) 
= ((-(-2),y) 
=F, ). 
y Ya y 
f g 
(0, 2) -> —>— (0,2) 
(0,0) (2,0) 
(0,0) | (1,0) | * (0,0) | (2,0) 
(0, —1) 


(c) The transformation go f is the rotation 
about the origin through 27 radians. It 
has no effect on any point, so it is the 
identity transformation. 


(d) The rotations f and g are inverses of each 
other. 


(e) The transformations go f and f o g are 
the same, because for any pair of 
rotations about the same centre, 
composing them in either order gives the 
same result. 


Solution to Exercise 8 


(a) The sum of the vectors associated with f 
and g is 


(=i + 2j) + i- 3j) = 2i- j, 
so 
(fog)(x,y) =(x+2,y—1). 


(b) The sum of the vectors associated with f 
and g is 


(i — 3j) + (31+ 3j) = 4i + 0j = 4i, 
so 
(fog)(z,y) = (£ + 4,y). 


(c) The sum of the vectors associated with f 
and g is 


(—i + 0j) + (0i — 2j) = —i — 2j, 
sO 


(fog)(x,y) =(x—-1,y— 2). 


Solution to Exercise 9 
(a) The composite f o g is given by 
(fog)(z,y) = f(g(2,y)) 


= (—-y, —(—2)) 
y y YA 
(0, 2) —— (0,2) = 


(c) The composite f o g is the rotation 
through 7/2 about the origin. 


Solution to Exercise 10 
(a) The composite f o g is given by 
(fog)(x,y) = f(g(z,y)) 
= f(-y, -2) 
= (—(—y), -(-2)) 
= (y, 2). 


(b) The composite f o g interchanges the z- 
and y-coordinates of each point, and is 


therefore the reflection in the line y = x. 


Solution to Exercise 11 


The glide-reflection is the composite go f, 
where f and g are specified by 


f(x,y) = (—y, =), 
g(x,y) = (x@+5,y— 5). 
Its rule is therefore 


go f =g9(f(x,y)) 


Solution to Exercise 12 


(a) The glide-reflection is the composite 
go f, where f and g are specified by 


f(x,y) = (-2,y), 
g(x,y) = (z - 3,y — 2). 
Its rule is therefore 
go f =g(f(£,y)) 
= 9(-2,y) 
= (-x — 3,y — 2). 


(b) The glide-reflection is the composite 
go f, where f and g are specified by 


f(x,y) = (—y, =g); 
g(x,y) = (x — 1,y +2). 
Its rule is therefore 
go f =9(f(z,y)) 
= g(-y, -2) 


(c) The glide-reflection is the composite 
go f, where f and g are specified by 


f(x,y) = (z, =y), 
g(z,y) = (£z +1,y-— 2). 
Its rule is therefore 
go f =9(f(z,y)) 
= g(x, —y) 
= (z + 1,—y — 2). 
Solution to Exercise 13 
(a) The equation f(x,y) = (2’,y’) gives 
(x +1,y = 3) =(2',y’). 
Equating coordinates then gives 
gtl=2' and y-3=y'. 
Rearranging both equations gives 
r= —1 and y=y +3. 
Hence f~! is specified by 
fa, y) = (x — 1,y' +3), 


which, on replacing x’ and y’ by x and y, 
respectively, becomes 


f(a) = (x — AL +3). 


(Here f is the translation 1 unit to the 
right and 3 units down. Its inverse f~! is 
the translation 1 unit to the left and 

3 units up.) 


(b) The equation g(x, y) = (x 


Solutions to exercises 


,y’) gives 
(1 — a, 2y) = (2’,y’). 

Equating coordinates then gives 
l1-g=2' and 2y=y/. 

Rearranging both equations gives 
g=1—2' and y = 4y. 


l is specified by 


g(x,y") = (1 — t, ży’) , 
which, on replacing x’ and y’ by x and y, 
respectively, becomes 

g*(2,y) = (1 =T, sy) : 
(Here g is the reflection in the y-axis 
followed by ‘stretching’ by the factor 2 in 
the y-direction and then the translation 
1 unit to the right. The order of these 
transformations is crucial. The 
inverse g~! is the translation 1 unit to 
the left followed by ‘stretching’ by the 
factor + in the y-direction and then the 


2 
reflection in the y-axis.) 


Hence g7 


The equation h(x, y) = (x', y’) gives 
(4x, —3y) = (x, y’). 
Equating coordinates then gives 
4g=z' and 3y=-y/’. 
Rearranging both equations gives 
x! y’ 
E ai 


7 and y= = 


Hence h7! is specified by 


/ / 
ee re 
h w= (Z, L), 


which, on replacing x’ and y’ by x and y, 
respectively, becomes 


en (F8). 


(Here h is the reflection in the x-axis 
followed by ‘stretching’ by the factor 3 in 
the y-direction and ‘stretching’ by the 
factor 4 in the x-direction. Although in 
general the order of transformations is 
crucial, these three transformations can 
be performed in any order. The inverse 
h~t is ‘stretching’ by the factor + in the 
x-direction and ‘stretching’ by the 
factor 3 in the y-direction followed by 
reflection in the x-axis.) 


11 
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(d) The equation j(2,y) = (2’,y’) gives 
(=x, 3a +y) = (2',y’). 
Equating coordinates then gives 
—-r=7x" and 3zr+y=y'. 
Rearranging the first equation gives 
f= =H". 
Using this form of the first equation to 
substitute for x in the second equation 
gives 
3(-a')+y=y', 
that is, 
—32' +y =y". 
Rearranging this equation gives 
y = 3x +y". 
Hence j~! is specified by 
Py) = (-2', 32’ +y'), 
which, on replacing x’ and y’ by x and y, 
respectively, becomes 
j*(#,y) = (—2, 3a + y). 


(Here j is the vertical shear with shear 
factor —3, which is a type of 
transformation discussed in Section 4, 
followed by the reflection in the y-axis. 
The order of these transformations is 
crucial. The inverse j~! is the reflection 
in the y-axis followed by the vertical 
shear with shear factor 3. Notice that j is 
self-inverse, so in fact both descriptions 
here apply to both j and j~?.) 


Solution to Exercise 14 
(a) f(x,y) = (x + 4y, Ox — 3y), so the matrix 


; 1 
of f is G _3): 
(b) g(x,y) = (=x + 2y, 2x + Oy), so the 
ty ofgi —1 2 
matrix o g 1S 2 0 $ 


(c) h(a, y) = (£ — y,—x + y), so the matrix 


. 1 —1 
of h is e 1 


(d) j(x,y) = (Ox — y,—x + Oy), so the matrix 
0 =l 


of j is a oN 


Solution to Exercise 15 
(a) This is a linear transformation. It maps 
(1,0) to (0,1) and (0,1) to (1,0), so its 


matrix 1s 10 


(b) This is not a linear transformation. It 
does not fix the origin. 


(c) This is not a linear transformation. Its 
rule cannot be expressed in the form 


f(x,y) = (ax + by, cx + dy) 
where a, b, c and d are real constants. 


(d) This is a linear transformation. It maps 
(1,0) to (0,1) and (0,1) to (—1,0), so its 


matrix 1s 1 oj: 


(e) This is a linear transformation, with 
1 i 
matrix t E 
3 3 
Solution to Exercise 16 
3 -2 1 3 
o (a) (o) = (i) 
so the image point is (3, —1). 
3 —2 1 1 
o (2) Q)=(): 
so the image point is (1, 1). 
3 —2 8 
o (a) C) C3); 
so the image point is (—8, 4). 
3 —2 8 
o (1) C) =t); 
so the image point is (8, —4). 


Solution to Exercise 17 


1 -2 
(a) act (3 5) =1x3- 2x2 
=3+4=7#0, 
so f is one-to-one. 
-3 1 
(>) at (5 3) =-3x(-2)-1 x6 


=6-6=0, 
so g is not one-to-one. 
(c) det G = =-1x(-1)-1x1 
=1-1=0, 


so h is not one-to-one. 


Solution to Exercise 18 
(a) Writing each line in the form rz + sy = t 
gives 
2r—y=—4 and 2r-y=l1l. 
(b) To find the image of each line, we use the 
following result from Unit 6: 


Let f(x) = Ax be a one-to-one linear 
transformation. Then the image of 
the line rx + sy = t under f is the 
line r'x + s'y = t, where r’ and s’ are 
given by the matrix equation 

(r s)=(r_ s) A™H. 


The inverse of the given matrix A is 


1 1 -2 1 —2 
=i 2 = 
ee ee) 


the image of the line 2x — y = —4 is the 
line 3x — Ty = —4, and the image of the 
line 2a — y = 1 is the line 3x — Ty = 1. 
(c) The equations of the image lines can be 
written as y = 3x4 4 and y = 3x = Z, 
respectively. Both of these lines have 
gradient 2, so they are parallel, as 


expected. 


Solution to Exercise 19 


(a) The matrix has determinant 
3 0 
act (3 3) = 3x (-2)-0x0 
=-6-0=-6. 
So the linear transformation scales areas 


by the factor |—6] = 6, and reverses 
orientation. 


(b) The matrix has determinant 


det é 2 = 3x (—2) -1x (-6) 
=-6+6=0. 


So the linear transformation scales areas 
by the factor |0| = 0. 


(c) The matrix has determinant 
1 5 
act (4 i) =1x1-5x0 
=1-0=1. 


Solutions to exercises 


So the linear transformation scales areas 
by the factor |1| = 1, and preserves 
orientation. 


(d) The matrix has determinant 
det ( cos 2a —sin 7 
—sin2a —cos2a 
= — cos? 2a — sin? 2a 
= —(cos? 2a + sin? 2a) 
=-—1. 
So the linear transformation scales areas 


by the factor |—1] = 1, and reverses 
orientation. 


(It follows from Subsection 4.3 of Unit 6 
that this transformation is the reflection 
in the line with angle of inclination —a, 
so these findings make sense.) 


(e) The matrix has determinant 
cos@ sind 
a £ sin? cos a) 
cos? 0 — (— sin? 0) 
SN 


So the linear transformation scales areas 
by the factor |1| = 1, and preserves 
orientation. 

(It follows from Subsection 4.3 of Unit 6 
that this transformation is the rotation 
through the angle —0 about the origin, so 
these findings make sense.) 


Solution to Exercise 20 

Since f maps (1,0) to (—2,1) and (0,1) to 
(3,1), it follows that f is represented by the 
matrix 


—2 3 
1 17’ 
This matrix has determinant 
—2 x 1 — 3 x 1 = —5, 


so f scales areas by the factor |—5| = 5. 


The triangle with vertices at (0,0), (—2, 1) 
and (3,1) is the image under f of the 
right-angled triangle with vertices at (0,0), 
(0,1) and (1,0). Since this triangle has 
area L, it follows that the required area is 


L5 
5x555 
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Solution to Exercise 21 

(a) The matrix is 
cos(27/3) sin(27/3) 
sin(27/3) —cos(27/3) 


= f-1/2 3/2 
— AV3/2 1/2 


_1f-1 v3 

2a Ls 
(It is fine to leave the factor of $ inside 
the matrix and omit the final step.) 

(b) The line has gradient — v3, so its angle of 

inclination is 

tan~'(—V3) +r = —T/3 +T = 27/3. 
The matrix is 


cos(4r/3) sin(47/3) 
ae — a 


_f -1/2 -v3/2 
~~ (=v3/2 1/2 


_1f-1 -v3 
oa 1j? 
(It is fine to leave the factor of 4 inside 
the matrix and omit the final step.) 
Solution to Exercise 22 
(a) The determinant of A is 
1 x (—4) — (-2) x 2 = —4 + 4 = 0, 
so f is a flattening. 


(An alternative way to show this is to 
note that the second column of A is —2 
times the first column.) 


(b) The image set of f is the line that passes 
through the origin and the point (1, 2). 
This line has gradient 2, so its equation is 
y = 2m. 


(c) We have 
£ 1 -2 z 

a) =e =) G) 
_ [x-y 
~ \ Qa — 4y 
o x= 2y 
— (2 -= 2y)/ ` 

So the image of the general point (z, y) 


under f is (x — 2y,2(x — 2y)). 
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Hence any two points (x,y) with the 
same value of x — 2y will have the same 
image under f. 


One such pair of points is (2,1) and 
(4,2), since each of these points satisfies 
x — 2y = 0. Hence each of these points 
has the same image under f, namely 
(0,0). 


(There are many different possible 
answers here. For example, another such 
pair of points is (1,1) and (3,2), since 
each of these points satisfies x — 2y = —1. 
Each of these points has the same image 
under f, namely (—1,—2).) 


Solution to Exercise 23 
(a) The determinant of the matrix is 
2 x (—4) — (-1) x 8 = -8 +8 = 0, 


so the linear transformation is a 
flattening. 


(This can also be deduced from the fact 
that the second column is —} times the 
first column.) 


(b) The determinant of the matrix is 


Caa 


=-+-=1. 
a7 9 


This suggests that the transformation 
might be a rotation. 


Since cos(37/4) = —1//2 and 

sin(37/4) = 1/\/2, comparing the given 
matrix with the matrix of the general 
rotation about the origin shows that the 
given matrix is the matrix of the rotation 
through 37/4 about the origin. 


So the linear transformation is a rotation. 


(An alternative way to verify this, once 
you have found that the determinant of 
the matrix is 1, is to proceed as follows. 
The columns of the matrix are 


CH) = CA 


The magnitude of the first column is 


and the magnitude of the second column 


is 
(2) +a) 
v2 v2 

1 1 

=42=yV1=1. 

2 = 2 vi 
Also, the scalar product of the two 
columns is 


aeaaea 


=-->- =0. 
2 2 


So the columns of the matrix are 
perpendicular unit vectors. It follows, 
since the determinant of the matrix is 1, 
that the linear transformation 
represented by the matrix is a rotation.) 


The linear transformation is a scaling, 
namely the (2, —5)-scaling. 


The linear transformation is a horizontal 
shear, namely the horizontal shear with 
shear factor 3. 


The determinant of the matrix is 


Gaa 


2 2 


This suggests that the transformation 
might be a reflection. 


Since cos(37/4) = —1/v2 and 

sin(37/4) = 1/v2, comparing the given 
matrix with the matrix of the general 
reflection in a line through the origin 
shows that the given matrix is the matrix 
of the reflection in the line with angle of 
inclination 37/8. 


So the linear transformation is a 
reflection. 


(An alternative way to verify this, once 
you have found that the determinant of 
the matrix is —1, is to proceed as follows. 
The columns of the matrix are 


Cia) (ira): 


Solutions to exercises 


The magnitude of the first column is 


a) +a) 
= E 


and the magnitude of the second column 


(a) + (Ga) 
= stpevisl 


Also, the scalar product of the two 


columns is 

( =) * 1 $ 1 7 1 
V2 2 2 2 
1 1 

= —— —=(0 
aT 5 


So the columns of the matrix are 
perpendicular unit vectors. It follows, 
since the determinant of the matrix 

is —1, that the linear transformation 
represented by the matrix is a reflection.) 


Solution to Exercise 24 


(a) The linear transformation f maps (1,0) 


to (0,1) and (0,1) to (—1,0), so its 
matrix is 


A=(1 5): 


The linear transformation g maps (1,0) to 
(—1,0) and (0,1) to (0,1), so its matrix is 


Be 


The composite g o f is represented by the 
matrix 


s 


The composite f o g is represented by the 
matrix 


EEE 
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(d) The composite go f maps the unit square 
to itself, as shown below. 


i g 
y SAE y ae y 
> > > 
T T H p 


By the rule for composing a reflection 
and a rotation about a point on the line 
of reflection, the composite g o f is the 
reflection in the line y = zx. 

(e) Similarly, the composite f o g is the 
reflection in the line y = —z. 


Solution to Exercise 25 


(a) Let A represent a reflection in a line 
through the origin. Then 


_ {cos2a sin 2a 

~ \sin2a@ —cos2a)’ 
where qa is the angle of inclination of the 
line of reflection. This gives 


A2 = (© 2a sin 2a 
~ \sin2a@ —cos2a 
cos 2a sin 2a 
xl. 
sin2a@ —cos2a 


_ (cos? 2a + sin? 2a 0 
7 0 sin? 2a + cos? 2a 


as required. 


(b) Let sı be the horizontal shear with shear 
factor kı, and let s2 be the horizontal 
shear with shear factor kə. Then sı and 
S2 are represented by the matrices 


1 ky 1 ke 
(01) wm (0 4): 


respectively. It follows that s2 0 sı is 
represented by the matrix 


1 ko\ (1 ki\ A ko thy 
0 1 0 1; \0 1 j 
Hence the required composite s20 sı is 


the horizontal shear with shear factor 
ky + kə. 
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(c) It follows from the working for part (b) 
that if sı is the horizontal shear with 
shear factor k, and sg is the horizontal 
shear with shear factor —k, then the 
composite s2 0 sı has matrix 


~ED 


So s2 0 sı is the identity transformation. 
Hence sg undoes the effect of sı; that is, 
S is the inverse of s1. 


So the inverse of the horizontal shear 
with shear factor k is the horizontal shear 
with shear factor —k. 


Solution to Exercise 26 
(a) The determinant of A is 
det A = 4 x 1 — (—1) x (-1) =4-1=3. 


So f has an inverse transformation f~! 
represented by the matrix 


1/1 1 4 
a es -|3 
asgi a) 


Each point (x,y) is the image under f of 
the point f~t(x,y), which has position 
vector 


So if ($a + iy, tr + $y) lies on C, then 
(x,y) lies on f(C), and conversely, if 
(x,y) lies on f(C), then 

(4a + ły, iz + $y) lies on C. It follows 
that the equation of f(C) is 


1 1,\2 (Lea 4,)? _ 
(52 +39) + (ge+ gy) =1. 
Multiplying out the brackets gives 


go + gry t gy + 50° + Gay t oy’ =l. 


wl wle 


—> 
= 


wl wle 
wle w= 


Multiplying through by 9 gives 


x? + 2Qey +y? +x? + B8ry + 16y? = 9, 


and collecting like terms gives 
Qn" + 10ry+17y? = 9. 


This is the equation of f(C) in simple 
form. 

(c) The area enclosed by C is 7, and f scales 
areas by the factor |det A| = 3, so the 
area enclosed by f(C) is 37. 


Solution to Exercise 27 
(a) The determinant of A is 


— 
= 


Ww 


1 1 1 1 
det A = — x —_— ) x — 
V2 v2 E 2 

z A ai 

= 05> 


So f has an inverse transformation f~t 
represented by the matrix 


wae UvE a2 
T Leave ava} 


Each point (x,y) is the image under f of 
the point f~!(a,y), which has position 
vector 


‘ 


1/v2 1/V2 
1/v2 1/V2 


a 
x y 
"ya 


a 
& 


So if 
(Se ate) 


lies on H, then (x,y) lies on f(H), and 
conversely, if (x,y) lies on f(H), then the 
point above lies on H. It follows that the 
equation of f(#) is 


(= y x 


zrg) -Gate o 


Multiplying out the brackets gives 
)=2 


2 2 2 2 
z£ y £ y 
(Zew) (5 ty +5 


Collecting like terms gives 
2xry = 2, 
that is, 


ry =1. 
This is the equation of f(H 
form. 
The equation of f(H 

1 

yr) 
z 
so f(H) is the graph of the reciprocal 
function. 


), in simple 


) can be expressed as 


The transformation f is the rotation 
through 7/4 about the origin. 


Solutions to exercises 


(The hyperbola f(#) is shown below. 
The fact that the graph of the reciprocal 
function is obtained by rotating the 
rectangular hyperbola with equation 

x? — y? = 2 anticlockwise through 7/4 
about the origin was mentioned in 
Section 5 of Unit 4; you have now seen a 
justification of this fact.) 


The linear transformations b and c are 
the reflections in the z- and y-axes, 
respectively, so they map the hyperbola 
to itself. That is, b(H) = H and 

c(H) = H. So the equations of b(H) and 
c(#) are the same as the equation of H. 


(Another, longer, way to determine this is 
to use the method of parts (a) and (b).) 


Solution to Exercise 28 


The rotation through 7/4 about the 
origin maps the line y = —z to the x-axis. 
The matrix of this rotation is 


T . i 
cos — — sin — 
H- 4 4 
R T 
sın — cos — 
4 4 
1 1 
[v2 v2} 1/1 -1 
= Ted 1J AZU 1j’ 
J2 y2 


The inverse matrix H~! is the matrix of 
the rotation through —7/4 about the 
origin. Since taking the negative of an 
angle does not change its cosine, and 
changes its sine to the negative of its sine, 
we can see from the working above that 


1 1 
1 1) 


H! = 


zl- 
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(b) The horizontal shear with shear factor —3 
is represented by the matrix 


TE] 


So the shear with shear factor —3 about 
the line y = —z is represented by the 
matrix 


H-'GH 


_1f-1 -3 
aN 3 5)’ 


Solution to Exercise 29 


(a) The linear transformation h is the 
rotation through —a about the origin. 
Hence it has matrix 


_ Gs. = iaa) 


sin(—a) cos(—a) 
_ cosa sina 
~ \—sina@ cosa)’ 
This matrix has determinant 
det H = cos? a + sin? a = 1. 
Hence it has inverse 
Ho = (052 —sina 
sin @ cosa} ` 
(b) The linear transformation g is the 
reflection in the z-axis. It maps (1,0) to 


(1,0) and (0,1) to (0,—1), so it has 
matrix 


1 0 
(9) 
(c) The matrix of h™t ogoh is 

HGH 


_ (cosa -sina\/1 0 
sin a COS @ 0 -l 
z cosa sina 
—sin& cosa 
_ (cosa —sina)\ /cosa sin a 
sin a COS Q sina —cosa 


@ a — sin? a 


— cos? a + sin? a 


_ (cos2a sin 2a 
~ \sin2a@ —cos2a/)° 


2cosasina 
2cosasina 
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The last line here follows from the 
trigonometric identities given in the hint. 
The matrix found above is indeed the 
matrix of the reflection in the line 
through the origin with angle of 
inclination a, as found in Subsection 4.3 
of Unit 6. 


Solution to Exercise 30 


(a) The required affine transformation is 


joo= (8559 a 


that is, 


pore gu) 


(b) The affine transformation f scales areas 
by the factor |det A|, where A is the 
matrix in the rule of f. This factor is 

|det A| = |4 x (-1) —3 x 0| 
= |—4— 0] = |-4| = 4. 
The area of the original triangle is s, so 
the required area is ł x4=2. 


(c) Since det A is negative, the affine 
transformation reverses orientation. 


Solution to Exercise 31 


(a) 


Let 
1 3 
me 
Then 


dettA=1x5-3x2=5-6=-1. 


Since the determinant is non-zero, f is 
invertible. 


Now 

e 5 —3\_/—5 3 
at=-(5 T a 
so 

_1[38\ _ {-5 3 3\ /—12 
a(i) AG) G 
Hence 


Let 
3-7 
R= E a Í 
Then 
det B = 3 x 14 — (—7) x (—6) 
= 42 — 42 = Q. 


Since the determinant is zero, g is not 
invertible. 


Then 
det C = —5 x (-1)-3x2=-1. 


Since the determinant is non-zero, h is 
invertible. 


Now 


Solutions to exercises 


1 3 3 
a. 
(In fact, you can answer part (c) quickly 


by noting that h(x) = f~!(x), so 
h(x) = f(x).) 


Solution to Exercise 32 
(a) We have 


we 


(f° g)(x) 
= f(g(x)) 


-à 9)x 


The composite f o g is the rotation 
through 7 about the origin. 


(To recognise this, first note that the 
matrix in the rule of f og has 
determinant 1, which suggests that it 
might be a rotation matrix. Then 
compare it to the matrix of a general 
rotation about the origin. Since 

cos 7 = —1 and sin 7 = 0, you can 
recognise it as the matrix of the rotation 
through 7 about the origin.) 


(c) We have 


(9° f)(x) 
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(d) The composite g o f is the rotation 
through v about the origin (the same 
rotation as f o g) followed by the 
translation by 2 units to the left and 
2 units down. 


The two composite transformations g o f 
and f og are not the same. 
Solution to Exercise 33 


Let h be the translation that maps (—2,3) to 
(0,0). Then h~! is the translation that maps 
(0,0) to (—2,3). Also, let g be the rotation 
through —7/6 about (0,0). 


We have 


h(x) =x- (5) 
nx) =x+ (73) 


i(i J) 


The required affine transformation is 
(h! o go h)(x) 
h™'(g(h(x))) 


-i eiaa) 
A e ta 
(i ha Gas) 
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Solution to Exercise 34 
(a) Let (x,y) be a fixed point of f. Then 


Gs 


Using the formula for f gives 


(4) @)+(4)-@), 


sO 


Ge = (:) | 


This matrix equation is equivalent to the 
system of equations 


y—-l=a, 
=z +2 =y, 
that is, 
x-y=-l, 
rt+y=2. 


Adding the two equations gives 2g = 1, 
so = $. Substituting into the first 
equation gives y = 3. So (4, 3) is the 
only possible fixed point. 


The following calculation verifies that 
(5, 3) is indeed a fixed point: 


2) Q)+@ 
-(4)-@)-( 


So f has exactly one fixed point, 
namely (5, 3). 


(b) Let (x,y) be a fixed point of g. Then 


(3)= (3): 


Using the formula for g gives 


(6 1) (@)+(7) =): 


This matrix equation is equivalent to the 
system of equations 

2r +y+2=7, 

y+1=y. 
The second equation has no solutions. 
Hence g has no fixed points. 


Let (x,y) be a fixed point of h. Then 


aE 


Using the formula for h gives 


C 1) G)+G) =), 


sO 


(2) +) =). 


thus 


a 1) 7 (G) 


This matrix equation is equivalent to the 
system of equations 


CS a, 
—y+1 =y. 

The second equation gives y = 4, and the 

first equation holds for all x € R. So the 

only possible fixed points are the points 

on the horizontal line y = 4, that is, the 

points of the form (x, $). 

The following calculation verifies that 


each point of the form (a, 5) is indeed a 
fixed point: 


(0-1) @) +) 
(2) +()=@). 


So the fixed points of h are the points on 
the line y = 4. 


Solutions to exercises 


Solution to Exercise 35 


(a) The transformation f is the reflection in 
the line y = z, so its fixed points are all 
the points on the line y = z (option (B)). 


(b) The transformation g is the identity 
transformation. It maps every point to 
itself, so its fixed points are all the points 
in the plane (option (A)). 


(c) The transformation h is the translation 
by 1 unit to the left and 1 unit up. It 
moves every point, so it has no fixed 
points (option (C)). 
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